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Trees having a l-factor and trees having a generalized l-factorization are characterized. 
A graph G is said to have a ‘l-factor, called by some authors also perfect 
matching, if it contains a set of independent edges, the set of endpoints of ,which 
being the vertex set of G. If the edges of G may be partitioned into l-factors then 
G is said to have a l-factorization. When this is the case and the number of 
l-factors is k then, in language of color.lng, G has a k-coloring of its edges and 
clearly this can happen only if G is k-regular, i.e. the degree of &very vertex is k. 
Results on l-factorization are as old as graph theory [l, 41. In partic;ular it is 
well-known [2,3,5,6] that the complete graph K, for n even and any regular 
bipartite graph have 1-factorizations, the question which graphs have 8 l-factor 
has been answered by Tutte [8]. 
While Tutte’s condition solves completely the last question, its application to 
particular graphs is not easy. One result of this note (Theorem 2) is to e-jtablish a 
simple necessary and sufficient condition for a tree to have a l-factor. 
The second result (Theorem 1) is related to l-factorization. This concGpt as 
mentioned above applies to regular graphs onlv. Introduce the following generali- 
;zation. Suppose a graph G ‘;as maximal degree A and there are given A colors 
labeled 1,2. 3, . . . , A. E is said to have a generalized l-factwization if G has an 
edge-coloring [7] such that for every vertex u of G, if the degree of !a is d(u), then 
qthe edges incident u are colored by the first p(u) colors, each color occurring 
exactly once. This terminology is justified, since if a regular graph Ihas a coloring 
as required above then it has a l-factorization and vice versa. In ‘Theorem 1, a 
necessary and sufikient condition is established for a tree to have a generalized 
l-factorization. 
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2. Deiiitions and notation 
The conditions stated in Theorem 1 and 2 imply the concept of branches o?” a 
tree T at a vertex I~. If u has degree p(u), then the branches at u are the p(u) 
connected components of ‘I’- u. Denote the set of these branches by P. = 
{A,,, A:!, 2 . - 9 Ap& The following notation will also be used: pa(G) for the 
number of vertices of 15 and pi(G), 1 s i s A for the number c f vertices of G 
having degree i. Let u be a fixed vertex of T, p(u) = k. Define qii, i =: 
0, 1, . . I. , k-l;j=l,2,... k the numbers pi (Ai) reduced mod 2. Denote by M(u) 
the matrix with entks q+ 
Tkorenn 1. A free T has a generalized l-factorization if and only if both following 
conditions hold : 
(a) Pii’nmO (mod2) fori=0,1,2....,A; , 
(b) folp every vertex u of T the matrix M(u) can be transformed by permuting irs 
columns into a Iower triangular matrix. 
Remark. Condition (b) means intuitively that at every vertex u of T there is 
exactly one branch with an odd number of vertices and among the remaining 
branches th,tre is exactly one with an odd number of first degree lrertices, and so 
on, if B, and B2 are the above defined branches, then in A - El, - Bzi there is 
exactly one branch say B3 with an odd number of vertices with dt:gree 2. In this 
way the branches in A can be reordered and A becomes A = {B,, . . . , Bk) 
satisfying iby 1 S j S k 
k) 
pi(Bi)EO (rrlod 2) for OsiCj- 1, 
pj -,(Bi)= 1 {mod 2) 
which is the same as (b). 
Proof of Theorem 1. The necessity of (a) follows by induction on 4, and implies 
the necessity of (c) which is the same as (b). The ardt.:ing of the branches 
indicated in the remark defines a co!oricg. Thp. crucial point for th’z sufficiency is 
is show that the edge (u, u) will receive the same color when regarded as an edge 
of the branch at u or U. 
It seems that the following weaker theorem is also interesting since it is much 
more handy than Tutte’s general co&ition,. 
Themem 2. 11 tree has a i -factor if n,Ytd only if at each vertex there is exactly one 
branch with an odd number of vertices. 
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